More accurate manufacturing process models come from better understanding of texture evolution and preferred orientations. We investigate the texture evolution in the simplified physical framework of a planar polycrystal with two slip systems used by Prantil et al. (1993 , J. Mech. Phys. Solids, 41(8), 1357-1382. In the planar polycrystal, the crystal orientations behave in a manner similar to that of a system of coupled oscillators represented by the Kuramoto model.
I. INTRODUCTION
Crystallographic textures, which evolve during manufacturing processes, are central to the anisotropic response of the processed material. These textures do not evolve randomly, but rather towards certain preferred orientations determined by the crystal structure, loading, and other factors. As such, understanding the development and nature of preferred orientation is of critical importance when developing meaningful models of manufacturing processes. This is a complicated task because the driving forces behind the evolution cover multiple length scales 1 . To bridge the length-scales, it is often convenient to consider the polycrystalline material as an aggregate of anisotropic meso-scale crystals.
Mean-field polycrystal plasticity models describe the aggregate response to an applied deformation by predicting the response of each crystal with a meso-scale model. These mesoscale fields are subsequently homogenized to obtain the macro-scale response, including the stress in the aggregate and the evolving texture. However, a method is needed to relate the macro-scale deformation to the meso-scale deformations experienced by the crystals. Several such methods appear in the literature, the most common being the fully constrained model (FCM), based on the hypothesis in Taylor   2 , which asserts that the crystal deformations are equal to the macroscopic deformation. Many applications of this hypothesis validate its use 3, 4 , however, it is not consistent with the physical behavior of polycrystalline materials.
Several alternative methods have been proposed ranging from relaxed constraint methods in which only selected components of the macro-scale and crystal deformation rate and stress are equated [5] [6] [7] to self-consistent models 8 in which a grain is introduced in a homogeneous effective medium which provides the average response of all grains in the aggregate. Of course, the increased accuracy of these models comes at the expense of computational complexity.
Prantil et al. 9 apply mean-field polycrystal plasticity to a simplified planar polycrystal in order to investigate texture evolution and preferred orientations. By using 2 slip systems to describe the plastic deformation in the planar single crystals, they develop an analytical expression defining the reorientation of a crystal throughout an imposed deformation. Using single crystals with two to four slip systems. As with Prantil et al.
, they utilize the FCM.
They show that as the number of slip systems increase, the number of possible texture evolution behaviors also increase, but each behavior is still either an evolution towards a single orientation or a periodic evolution. Kumar 11 shows that 3D cubic polycrystals modeled with the FCM loaded under pure shear experience five stable orientations at which the texture will continue to increase in strength, but when a spin is introduced there are no stable orientations and the texture may oscillate in strength. Therefore, while crystals tend to reorient toward preferred orientations, a significant applied spin can induce periodic reorientation. In general, the FCM is considered to predict exaggerated texture evolution, since it over-constrains the crystals.
In this work, we investigate the development of preferred orientations using the FCM, as well as two additional methods that relax the strict equality between the macro-and meso-scale deformation rates. Our objective is to gain understanding into the dynamical nature of a preferred orientation, as well as the evolution towards this orientation. As more complex systems show similar trends to simpler idealizations, we investigate the texture evolution behavior in an idealized planar polycrystal with two slip systems. We apply the crystal plasticity finite element method (CPFEM), where each crystal in the aggregate is represented by one or more finite elements [12] [13] [14] [15] [16] , as well as a stochastic mean-field model 17, 18 to the deformation of the planar aggregate. We begin in sections II and III, presenting the single crystal model for the planar polycrystal. In section IV we compare the texture trajectory to that of a system of coupled oscillators represented by the Kuramoto model, in turn revealing a link between the development of preferred orientations and the notion of synchronization. We compare the FCM texture evolution to that predicted from the CPFEM using an idealized microstructure in Section V. In sections VI and VII, We develop a stochastic method and compare the predicted behavior to the CPFEM results. Both the CPFEM and the stochastic model show the evolution toward a stable texture in the presence of macro-scale spin. In both cases, this "stable" texture exhibits a dynamic character, in which component crystals continue crystallographic reorientation but the overall distribution does not change. Section VIII investigates the long-term behavior of the texture evolution and discusses the applicability of the results to planar polycrystals with more slip systems, as well as to 3D polycrystals.
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II. GENERAL ROTATION EVOLUTION EQUATION
Following Kok et al. (
The crystal deformation gradient is assumed to be the result of a plastic deformation followed by a rigid rotation, i.e. 
where L 
For a single crystal, the plastic velocity gradient is assumed to be given by
where, for each of the M slip systems s,γ s is the shear rate, S 
The individual crystal deformation is due to slip over the two independent slip systems (s = 1, 2), with
where β is known (cf. Fig. 1 ).
For general isochoric planar motions, the velocity gradient can be written as a function of three independent components, the rate of stretching Λ c , the rate of shearing Γ c , and the
To solve for the texture evolutionθ c , we first findγ s (s = 1, 2) by substituting Eqs. (8), (10), (11), and (13) into Eq. (4) to obtaiṅ
We then substitute Eqs. (9), (10), (11), (14), and (15) into Eq. (6), giving the evolution equation for the crystal orientatioṅ
where
To achieve an expression for the current crystal orientation θ 
For our subsequent analyses we find it convenient to "invert" the above to obtain an expression for
IV. SIMILARITIES TO THE KURAMOTO MODEL
The orientation evolution equation, Eq. (16), bears a close resemblance to the equation governing a system of coupled oscillators described by the Kuramoto model 20 in which a collection of N coupled oscillators with phases θ i interact through a sinusoidal couplinġ
where K is the coupling strength and the frequencies ω i follow a symmetric probability density, such as a normal distribution. In order to simplify Eq. (20) , as discussed in Strogatz
21
, it is convenient to introduce the complex order parameter
where the radius r measures the spread of the θ j and ψ is the average θ j (cf. Fig. 2 ).
Kuramoto rewrote Eq. (20) through the order parameter by first, multiplying both sides of Eq. (21) by e −iθ i and taking the imaginary part to obtain
Substituting Eq. (22) into Eq. (20) giveṡ
As seen above, the phase of each oscillator tends towards the average phase ψ with strength proportional to the radius r. Considering steady solutions, where r(t) is constant and ψ(t)
rotates uniformly, along with judicious choice of a rotating frame such that ψ = 0, Eq. (23) reduces toθ
which is essentially Eq. 16 with θ i = 2θ
the coupling dominates and the oscillator approaches a stable fixed-point at which it is phase-locked, i.e.θ i = 0; when K r < |ω i |, locking cannot occur and the oscillator drifts in a nonuniform manner.
In Prantil et al.
9
, the long-term response of the ODF generated using the FCM was found to depend on the relationship between λ (cf. Eq. (17)) and
where Ω, Γ, and Λ are the spin, the rate of shearing, and the rate of stretching, respectively, of the applied velocity gradient L. The parameter λ, defined by the structure of the undeformed crystal, represents a coupling between the crystals due to their similar crystal structure, 
V. CPFEM RESULTS
We investigate the texture evolution of the planar polycrystal using the CPFEM. The CPFEM intrinsically accounts for the crystal interactions and therefore provides an accurate representation of the crystal behavior, though it is also computationally expensive. In our analysis, a square polycrystal consisting of 900 crystals with a uniform initial texture distribution is deformed by a constant velocity gradient. It is modeled using 900 square elements on a 30 × 30 uniform grid, where each element represents one crystal. The representation of uniform crystal shape and size is unrealistic, but does provide a simplified view of the crystal behavior. The CPFEM analyses use the two slip systems described in Eq. (11) with β = π/6 in which the elastic constants and parameters for the crystal flow rule are taken from the Tantalum parameters presented in Bronkhorst et al.
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with no hardening or adiabatic heating. As elastic strains are quite small, the incorporation of elasticity in these CPFEM computations does not significantly affect the texture evolution. The purely 2D planar polycrystal is numerically challenging, and therefore the CPFEM analyses are limited to lower strains than those in mean-field models.
The texture evolution predicted by the CPFEM is significantly different from that predicted by the FCM, as seen by comparing the order parameter trajectories, cf. Eq. (21), predicted by the two methods. When λ ≥ η (Fig. 3(b) ), the CPFEM analysis predicts a texture that tends towards a single orientation but the crystals never completely align, i.e. 
VI. THE STOCHASTIC TAYLOR MODEL
The CPFEM results show interesting aspects of the texture evolution. However, due to the complexity of the CPFEM, it is difficult to gain a more comprehensive view. A stochastic mean-field model provides a simple framework to describe the behavior and does not over-constrain the crystals as does the FCM. Rather than periodic oscillation, the CPFEM predicts decaying oscillation, such that the texture may approach a stable solution. The introduction of random variation into a system can lead to stability
23
, therefore a stochas- tic approach adopted at the meso-scale may result in texture evolution consistent with the CPFEM results.
In Engler
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and Ma et al. In addition, we simplify the analysis by treating the standard deviations as constant, though the CPFEM results show this assumption to be incorrect. Therefore, assuming no significant correlation, the probability density functions (PDF) for the rate of stretching f Λ c and the rate of shearing f Γ c are assumed Gaussian, i.e. 
In the above, 
For an uniform initial texture distribution i.e., there is an equal chance of getting any
Using the STM (again, for constant values of Γ, Λ, and Ω and a uniform initial texture)
Eq. (18) 
VIII. STM ANALYSIS AND DISCUSSION
The STM predicts texture evolution that more closely resembles that obtained from the CPFEM than that predicted by the FCM. As with the FCM, the behavior predicted by the 
where, following the derivation of Eq. (31), we "invert" Eq. (25) ) is high, the crystal structure dominates and the texture evolves towards a single orientation (Fig.   3(c) ). On the other hand, when P (λ > η c ) is low, the load dominates and a tumbling-like behavior is exhibited (Fig. 3(i) ). In all other cases, an intermediate behavior is observed (Fig. 3(f) ). An interesting aspect of the texture evolution behavior exhibited by the STM and CPFEM is that the texture evolves towards a steady ODF for any load. To understand this apparently steady texture distribution, we use the STM to model the behavior of the order parameter r over time and the shape of the steady-state ODF. The time it takes for r to reach a constant value (Fig. 8) depends on the applied load L, through η, and on the standard deviations
.e. increasing η/λ increases the time while increasing σ decreases the time.
The shape of the steady-state ODF (Fig. 9 ) also depends on η and σ. As σ and η/λ increase, the standard deviation of the orientation σ Θ c increases, though the sensitivity of σ Θ c to σ decreases with increasing η/λ. The CPFEM and STM predictions of the texture evolution in planar polycrystals with two slip systems are similar but distinct from the findings of Prantil et al.
9
. Whether the texture initially begins to oscillate or evolve towards preferred orientations, the ODF will eventually reach a steady-state value. The time required to reach the steady-state ODF depends on the magnitude of the imposed shear and the structure of the crystal slip systems. Once the ODF stops evolving, the crystals may still reorient in a manner such that the overall distribution does not change. Due to the similarities in the findings of Prantil et al. , we assume similar behavior would occur in planar polcyrystals with more than two slip systems and 3D polycrystals, though further research is warranted.
The STM proved to be a valuable tool in analyzing the texture evolution of the planar polycrystal. By introducing stochastic variation into the crystal strain rates, behavior similar to that shown by the CPFEM was predicted, yet the model was simple enough to allow explicit expressions to be developed to describe the texture behavior. The STM could prove to be a valuable method for mean-field polycrystal plasticity, though care must be taken to identify representative standard deviations.
IX. CONCLUSIONS
The planar polycrystal plasticity treatment from Prantil et al. establishes a simplified framework for observing polycrystal texture evolution, revealing that the planar texture evolution equation is similar to the Kuramoto model of a system of coupled oscillators. By simulating the texture evolution of the planar polycrystal using the CPFEM and the STM, we find that the polycrystals reach a steady-state ODF not predicted by the FCM. In the CPFEM, the steady-state ODF seems to be due to the formation of alternating bands of crystals with orientations synchronized in anti-phase. The question as to whether similar behavior would result from applying the CPFEM to planar polycrystals with more slip systems and to 3D polycrystals is a topic that warrants further study. Additionally, the STM appears to be a useful homogenization method, resulting in increased accuracy over the FCM when using representative standard deviations. 
